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N o t e  o n  t h e  E s t i m a t i o n  o f  t h e  N u m b e r  o f  S t a t e s  

i n  a D i s c r e t e  M a r k o v  C h a i n  

In  some app l i ca t i ons  of t h e  t h e o r y  of f in i te  M a r k o v  
cha ins  to  p r o b l e m s  in phys ics ,  genet ics ,  and  rad iob io logy  t 
a d i sc re te  cha in  wi th  t w o  a b s o r b i n g  s t a t e s  and  w i t h  
t r ans i t i on  p robab i l i t i e s  which  are  func t i ons  of t he  n u m b e r  
of s t a t e s  in t h e  cha in  has  been  cons ide red ,  i n  ce r t a in  
cases t h e  n u m b e r  of s t a t e s  in  t h e  cha in  m a y  be k n o w n  and  
specif ied  in a d v a n c e ;  in o thers ,  however ,  t h e  n u m b e r  of 
s t a t e s  m a y  be an  u n k n o w n  p a r a m e t e r  a s soc ia t ed  w i t h  
t he  cha in  t h a t  we wou ld  like to  e s t i m a t e  on t h e  basis  of 
e x p e r i m e n t a l  obse rva t i ons .  In  t h i s  no te  a m e t h o d  of 
o b t a i n i n g  t h e  m a x i m u m  l ikel ihood e s t i m a t e  of t he  n u m -  
ber  of s t a t e s  is given.  

W e  cons ide r  a d i sc re te  cha in  w i t h  a -t- 1 s t a t e s  E o, Ex,  
. . . .  E~,. say  a n d  w i t h  t r a n s i t i o n  p robab i l i t i e s  

Pi,i+-I = P r  ( E  i ~ Ei+a) = ~.'i(a) 

Pl.i.-1 P r  (E i ~ Ei . . l  ) l - T , ( a ) ,  I 
(1) 

where  yi(a), 0 <~ y,(a) /-. 1, (i .... 1,2 . . . . .  a - - l )  is a g iven  
f lmc t ion  of a. Also 

I , i = 0 ,  a 
Pii = P r  (E i --*- El) ~ [ 0, otherwise. (2) 

This  cha in  is e q u i v a l e n t  to  a pa r t i c le  e x e c u t i n g  a r a n d o m  
walk  on the  in t ege r s  0, 1 . . . . .  a, in wh ich  a pa r t i c l e  a t  
pos i t i on  i (i = 1 2 . . .  a - - l )  has  p r o b a b i l i t y  y.(a) of m o v -  
ing  one  s t ep  to  t h e  r ight ,  and  p r o b a b i l i t y  1-yi(at) of mov-  
ing one  s t e p  to  t h e  left.  Once  t h e  pa r t i c le  r eaches  e i t he r  
0 or a i t  is a b s o r b e d  a n d  the  r a n d o m  walk  is t e r m i n a t e d .  
This  r a n d o m  walk  r e p r e s e n t a t i o n  w i t h  y, (a) = i / a  has  been  
used  in r ad iob io logy  as a mode l  for t h e  sp read  of rad ia -  
t ion  d a m a g e  ~. W h e n  y;(a) - 1 - i / a  w e  h a v e  the  classical  
E h r e n f e s t  mode l  of d i f fus ion  a. 

Consider  t he  fol lowing e x p e r i m e n t :  At  t ime  zero a 
pa r t i c le  is p l aced  in pos i t ion  i (i = 1,2 . . . . .  a - l )  a n d  per -  
m i t t e d  to  execu te  a r a n d o m  walk  on the  f ini te  se t  of 
in tegers  0,1 . . . . .  a unt i l  it  is a b s o r b e d  a t  e i ther  0 or a. Le t  
t and  u, r e p r e s e n t  t h e  o b s e r v e d  t imes  r equ i r ed  for t h e  
t e r m i n a t i o n  of t h e  r a n d o m  walk  a t  0 a n d  a, r e spec t ive ly .  
I t  is obvious  t h a t  t and  u will d e p e n d  on  t h e  ini t ia l  posi-  
t ion  i; h o w e v e r  we do no t  i n t r o d u c e  th is  d e p e n d e n c e  ex-  
pl ici t ly  in t he  no ta t ion .  L e t  us now p e r f o r m  the  exper i -  
m e n t  N t imes,  m of which  i t  ends  up  a t  0, a n d  n of which  
i t  ends  up a t a ,  m + n = N. C a l l l  i (] = 1 ,2  . . . . .  m)  a n d  
uk (k = 1, 2 . . . . .  n) t he  obse rved  t imes  r e q u i r e d  for t h e  
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t e r m i n a t i o n  of the  N i n d e p e n d e n t  r a n d o n l  walks  a t  0 and 
a, r e spec t ive ly .  If  we let  a r e p r e s e n t  t h e  n u m b e r  oI s teps  
or  t r a n s i t i o n s  pe r  un i t  t i m e  we can  call t [ - -  a t  i and  
u£ = a u k t he  n u m b e r  of t r a n s i t i o n s  r equ i r ed  for t he  par-  
t icle  to  pass  f rom some ini t ia l  s t a t e  i to  0 and  a, respec-  
t ive ly .  In  Markoc  cha in  t h e o r y  t i a n d  u£ are  t h e  f i rs t  
passage  t i m e s  for  t h e  a b s o r b i n g  s t a t e s  0 a n d  a ~. 

Now,  if t he  p r o b a b i l i t y  of t h e  pa r t i c le  be ing a t  pos i t ion  
i a t  t ime  zero, is ~;, 0 _< ~i <~ 1, (i = 1, 2 . . . . .  a - l )  t h e n  
t h e  p r o b a b i l i t y  of t h e  pa r t i c l e  be ing  a t  pos i t ion  k a f t e r  n 
t r a n s i t i o n s  is 

a -- 1 
~k (") = ~ '  ~ p i~(~) , (3) 

i = 1  

where  pf~),, is t he  p r o b a b i l i t y  of pass ing  f rom pos i t ion  i to 

pos i t ion  k in  n s teps .  H e n c e  t h e  j o i n t  p r o b a b i l i t y  dens i ty  
for t h e  m par t i c les  be ing  a b s o r b e d  a t  zero is g iven by  

m * m g 1 

H ~0(~) = H X-,: Pi,, (t;) ; (4) 
j ~ l  I 1 ~ = 1  

a n d  the  jo in t  p r o b a b i l i t y  d e n s i t y  for  the  n par t i c les  being 
a b s o r b e d  a t  a is g iven  b y  

H -~,, (",) = I I  ~ "~i p , / " k J  . (5} 
k : - I  l - I  i l 

I n  (4) a n d  (5) p,o(lf) and  pia(*'~l are t he  p robab i l i t i e s  of en- 

t e r ing  the  s t a t e s  0 a n d  a for  t h e  f i rs t  t i m e  in t; a n d  ,u}~ steps,  
r espec t ive ly .  These  p robab i l i t i e s  are  func t i ons  of the 
u n k n o w n  p a r a m e t e r  a. F r o m  (4) a n d  (5) we have ,  as the 
j o in t  p r o b a b i l i t y  dens i ty ,  for t he  N i n d e p e n d e n t  observa-  
t ions  

F x ( t ( ,  . . . .  t ' m ;  u" I . . . . .  U ' n ;  a) = 

,, , )  , )  

Taking  t h e  l o g a r i t h m  of (6) we o b t a i n  t he  l ikelihood 
func t ion  

G.v = IogFx  = ~.,~ 10¢.o J + ~" log~,,(utfl . 
! 1 k i 

(7) 

Hence ,  t h e  m a x i m u m  l ikel ihood est ima.te  of a is given 
by  the  roo t  of the  e q u a t i o n  

O GN 
= O. (8) 

Oa, 
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L e t  P = I! Pii ll, i, j O, 1 . . . . .  a, be t h e  m a t r i x  of t r an s i -  
t i on  p robab i l i t i e s .  S ince  t h e  c h a i n  h a s  t w o  a b s o r b i n g  
s t a t e s  P c a n  be  d e c o m p o s e d  b y  e l i m i n a t i n g  t h e  f i rs t  a n d  
las t  rows  a n d  c o l u m n s  of P .  D e n o t e  b y  Q t h e  d e c o m p o s e d  
m a t r i x .  S ince  P is d e c o m p o s a b l e  we h a v e  

Pio (kj = Pit (~-0 P,o = P,~fk 1) [1 -7da )?  I (9) 

Now pil (k- l)  is t h e  e l e m e n t  in  t h e  i - t h  row a n d  f i rs t  co- 
(u-l)  

l u m n  of Q(k-1),  a n d  p~, a -1  is t h e  e l e m e n t  in  t h e  i - t h  
row a n d  ( a -1 ) - s t  c o l u m n  of Q(u-1). Hence ,  for  g iven  7~.(a) 
t he  a b o v e  p r o b a b i l i t i e s  c a n  be  f o u n d  b y  o r d i n a r y  m a t r i x  
m u l t i p l i c a t i o n  of Q, or b y  t h e  m e t h o d  of g e n e r a t i n g  
f u n c t i o n s  a. H a v i n g  o b t a i n e d  t h e s e  p r o b a b i l i t i e s  e q u a t i o n  
(8) c an  be  so lved  to  o b t a i n  t h e  m a x i m u m  l ike l ihood  est i-  
m a t e  of t h e  n u m b e r  of s t a t e s  in  t h e  M a r k o v  cha in .  

A. T. BHARUCHA-REID 

Department o/ Statistics, University o/ Cali]ornia, 
Berkeley d, December 14, 1955. 

Zusammen/assung 

Diese A r b e i t  b e h a n d e l t  d a s  P r o b l e m  de r  s t a t i s t i s c h e n  
SchXtzung  de r  A n z a h l  d e r  Z u s t i i n d e  e ine r  d i s k r e t e n  
M a r k o f f - K e t t e ,  w e n n  die z u g e h 6 r i g e n  l J b e r g a n g s w a h r -  
s c h e i n l i c h k e i t e n  b e k a n n t e  F u n k t i o n e n  d e r  A n z a h l  de r  
Zus t i inde  s ind .  Die  M e t h o d e  b e n u t z t  d a s  M a x i m u m -  
L i k e l i h o o d - P r i n z i p .  

N o n r a n d o m  A s s o r t m e n t  of C e n t r o m e r e s  
w i t h  I m p l i c a t i o n s  R e g a r d i n g  R a n d o m  A s s o r t -  

m e n t  of the  C h r o m o s o m e s *  

T h e  genes  a n a l y z e d  b y  MENDI~L 1 s h o w e d  no  l inkage ,  
a n d  h e  p r o p o s e d  t h a t  t h e  h e r e d i t a r y  c h a r a c t e r s  a re  as- 
s o r t e d  i n d e p e n d e n t l y .  T h e  d i s c o v e r y  of l i nked  genes  
p r o v i d e d  e x c e p t i o n s  a n d  " M e n d e l ' s  s econd  l a w "  in i t s  
c u r r e n t  f o r m  is s t a t e d  b y  STURTEVANT a n d  BEADLE 2 as 
follows: " I n d e p e n d e n t .  a s s o r t m e n t  is, in  fac t ,  t h e  ru le  
t h a t  app l i e s  t o  genes  ca r r i ed  b y  s e p a r a t e  c h r o m o s o m e  
pa i r s . "  S ince  c ro s s ing -ove r  r a n d o m i z e s  t h e  a s s o r t m e n t  
of genes  d i s t a l  t o  t h e  c e n t r o m e r e ,  t h e  p r i n c i p l e  of r a n d o m  
a s s o r t m e n t  app l i e s  spec i f ica l ly  to  t h e  c e n t r o m e r e s  of 
s e p a r a t e  c h r o m o s o m e  p a i r s ;  if t h e  c e n t r o m e r e s  a re  as- 
so r t ed  i n d e p e n d e n t l y  (in t h e  a b s e n c e  of c ross ing-over )  
the  genes  o n  t h e  s e p a r a t e  c h r o m o s o m e  pa i r s  will  be  in- 
d e p e n d e n t l y  a s so r t ed .  E v e n  in t h e  m o s t  s o p h i s t i c a t e d  
t e x t s  8 t h e  i n f e r ence  ( r a n d o m  a s s o r t m e n t  of cen t ro -  
meres)  is r e p r e s e n t e d  as a f ac t  b y  s h o w i n g  t he  p a t e r n a l  
c h r o m o s o m e s  as solid d i a g r a m s  w h i c h  are  a s so r t ed  a t  
r a n d o m  to  t h e  g a m e t e s .  S ince  t h e  c e n t r o m e r e  i tsel f  ha s  
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no  " c h a r a c t e r "  p r e f e r e n t i a l  s e g r e g a t i o n  can  be  d e t e c t e d  
o n l y  b y  t h e  b e h a v i o r  of t h e  genes  n e a r e s t  t h e  c e n t r o -  
meres .  I n  Drosophila, h o w e v e r ,  c h i a s m a t a  in t h e  gene-  
free r eg ion  of h e t e r o c h r o m a t i n  ( b e t w e e n  t h e  c e n t r o m e r e s  
a n d  t h e  e u c h r o m a t i n  oI t h e  f i rs t ,  s e c o n d  a n d  t h i r d  ch ro -  
mosomes)  wou ld  r a n d o m i z e  t h e  ef fec ts  of a n y  d i r ec t ed  
a s s o r t m e n t  of c e n t r o m e r e s  w h i c h  m i g h t  occur .  

i j i T 

I 

A diagram showing the effects of nonrandom assortment of the 
centromcres of two different chromosome-pairs at meiosis in an 
A B × ab hybrid. Synapsis of the chromosomes begins at the eentro- 
meres and as the synapsed chromosomes travel to the spindle the like 
centromeres (stippled versus open) are attracted to each other. The 
tetrads line up on the spindle so that like centromeres pass to the 
same pole. In the absence of crossing-over only recombinant genonles 
are formed. The diagram describes the events which produce reverse 
linkage; the same mechanism would produce direct linkage if the 

two stippled centromeres had originated from the same parent. 

T e t r a d  ana lys i s  of Saccharomyces h a s  r e v e a l e d  t h a t  
t h e  c e n t r o m e r e s  of c h r o m o s o m e s  a re  n o t  a s s o r t e d  in-  
d e p e n d e n t l y  of e ach  o the r .  R - d i s t r i b u t i o n s *  h a v e  b e e n  
i n t e r p r e t e d  to  r e su l t  f r om t h e  s y n a p s i s  of t h e  c e n t r e -  
meres  of c h r o m o s o m e s  a t  meios is  I o r i g i n a t i n g  f r o m  dif-  
f e r e n t  p a r e n t s  of  t h e  h y b r i d  t h u s  d i r e c t i n g  r e c o m b i n a n t  
c h r o m o s o m e s  to  t h e  s a m e  poles  a n d  r e d u c i n g  t h e  f re-  
q u e n c y  of o r ig ina l  c o m b i n a t i o n s  e x c e p t  b y  c ross ing-  
ove r  b e t w e e n  e i t h e r  of t h e  genes  a n d  t h e i r  r e s p e c t i v e  
c e n t r o m e r e s  (Figure) .  

These  fac t s  led to  a n  ana lys i s  of t h e  c o n v e n t i o n a l  
m e t h o d  of s a m p l i n g  s ingle  c h r o m a t i d s  f r o m  m i x e d  
m a t i n g s  of d ip lo id  p a r e n t s  o t h e r w i s e  g e n e t i c a l l y  i d e n t i -  
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